This paper presents a unified framework for smooth convex regularization of discrete optimal transport problems. In this context, the regularized optimal transport turns out to be equivalent to a matrix nearness problem with respect to Bregman divergences. Our framework thus naturally generalizes a previously proposed regularization based on the Boltzmann-Shannon entropy related to the Kullback-Leibler divergence, and solved with the Sinkhorn-Knopp algorithm. We call the regularized optimal transport distance the rot mover's distance in reference to the classical earth mover's distance. We develop two generic schemes that we respectively call the alternate scaling algorithm and the non-negative alternate scaling algorithm, to compute efficiently the regularized optimal plans depending on whether the domain of the regularizer lies within the non-negative orthant or not. These schemes are based on Dykstra's algorithm with alternate Bregman projections, and further exploit the Newton-Raphson method when applied to separable divergences. We enhance the separable case with a sparse extension to deal with high data dimensions. We also instantiate our proposed framework and discuss the inherent specificities for well-known regularizers and statistical divergences in the machine learning and information geometry communities. Finally, we demonstrate the merits of our methods with experiments using synthetic data to illustrate the effect of different regularizers and penalties on the solutions, as well as real-world data for a pattern recognition application to audio scene classification.
Introduction
A recurrent problem in statistical machine learning is the choice of a relevant distance measure to compare probability distributions. Various information divergences are famous, among which Euclidean, Mahalanobis, Kullback-Leibler, Itakura-Saito, Hellinger, χ 2 , p (quasi-)norm, total variation, logistic loss function, or more general Csiszár and Bregman divergences and parametric families of such divergences such as α-and β-divergences. 2 ground costs, while other costs such as 1 ones and their truncated or compressed versions are often preferred in practice for an increased robustness to data outliers [20] [21] [22] . For general applications, a gain in performance can also be obtained with a ground cost directly learned from labeled data [7] . The aforementioned accelerated methods that are dedicated to 2 costs are thus not adapted in this context.
On another line of research, the regularization of the transport plan, for example via graph modeling [10] , has been considered to deal with noisy data, though this latter approach does not address the computational issue of efficiency for high dimensions. In this continuity, an entropic regularization was shown to admit an efficient algorithm with quadratic complexity that speeds up the computation of solutions by several orders of magnitude, and to improve performance on applications such as handwritten digit recognition [6] . In addition, a tailored computation can be obtained via convolution for specific ground costs [30] . Nevertheless, the entropic regularization suffers from overspreading the mass, which may be desirable in certain applications but not all, as in the case of interpolation purposes for instance. One interesting perspective of these works, however, is that many more regularizers are worth investigating to solve OT problems both efficiently and robustly. This is the idea we address in the present work, focusing on smooth convex regularization.
Notations
For the sake of simplicity, we consider distributions with same dimension d, and thus work with the Euclidean space R d×d of square matrices. It is straightforward, however, to extend all results for a different number of bins m, n by using rectangular matrices in R m×n instead. We denote the null matrix of R d×d by 0. The Frobenius inner product between two matrices π, ξ ∈ R d×d is defined by:
The probability simplex of R d is defined as follows:
where 1 denotes the vector of R d that is full of ones, and · is the transposition operator for vectors or matrices. When the intended meaning is clear from the context, we also write 0 for the null vector of R d . For two probability vectors p, q ∈ Σ d , the transport polytope of p and q, also known as the polytope of couplings between p and q, is the following polyhedron: Π(p, q) = {π ∈ R d×d + : π1 = p, π 1 = q} .
The operator diag(v) transforms a vector v ∈ R d into a diagonal matrix π ∈ R d×d such that π ii = v i , for all 1 ≤ i ≤ d. The operator vec(π) transforms a matrix π ∈ R d×d into a vector x ∈ R d 2 such that x i+(j−1)d = π ij , for all 1 ≤ i, j ≤ d. The operator sgn(x) for x ∈ R returns −1, 0, +1, if x is negative, null, positive, respectively.
Functions of a real variable, such as the absolute value, sign, exponential or power functions, are considered element-wise when applied to matrices. The max operator and inequalities between matrices should also be interpreted element-wise. Matrix divisions are similarly considered element-wise, whereas element-wise matrix multiplications, also known as Hadamard or Schur products, are denoted by to remove any ambiguity with standard matrix multiplications. Lastly, addition or subtraction of a scalar and a matrix should be understood element-wise by replicating the scalar.
Background and related work
Given a cost matrix γ ∈ R d×d + whose coefficients γ ij represent the cost of mapping p to q by moving the mass from the respective bins p i to q j , the total cost of a given transport plan, or coupling, π ∈ Π(p, q) can be quantified as π, γ . An optimal cost is then obtained by solving a linear program:
The EMD associated to the cost matrix γ is given by d γ and is a true distance metric on the probability simplex Σ d whenever γ is itself a distance matrix. In general, the optimal plans, or earth mover's plans, have at most 2d − 1 nonzero entries, and consist either of a single vertex or of a whole facet of the transport polytope. One of the earth mover's plans can be obtained with the network simplex [1] among other approaches. For a general cost matrix γ, the complexity of solving an OT problem scales at least in O(d 3 log d) for the best algorithms currently proposed, including the network simplex, and turns out to be super-cubic in practice as well.
Cuturi [6] proposed a new family of OT distances, called Sinkhorn distances, from the perspective of maximum entropy. The idea is to smooth the original problem with a regularization that makes the problem strictly convex via the Boltzmann-Shannon entropy. The problem can then be solved empirically in quadratic complexity with linear convergence using the SinkhornKnopp algorithm [29] based on iterative matrix scaling, where rows and columns are rescaled in turn so that they respectively sum up to p and q until convergence.
Benamou et al. [4] revisited the entropic regularization in a geometrical framework with iterative information projections. They showed that computing a Sinkhorn distance actually amounts to the minimization of a Kullback-Leibler divergence. In this context, the SinkhornKnopp algorithm turns out to be a special instance of Dykstra's algorithm for Kullback-Leibler projection onto the intersection of convex sets via alternate projections. Specifically, we see Π(p, q) as the intersection of the non-negative orthant with two affine subspaces containing all matrices with rows and columns summing to p and q respectively, and we alternate projection on these two subspaces according to the Kullback-Leibler divergence until convergence.
Kurras [14] further studied this equivalence in the wider context of iterative proportional fitting. He notably showed that the Sinkhorn-Knopp and Dykstra's algorithms can be extended to account for infinite entries in the cost matrix γ, and thus null entries in the regularized optimal plan. Hence, it is possible to develop a sparse version of the entropic regularization to OT problems. This becomes interesting to store the d × d matrix variables and perform the required computations when the data dimension gets large.
Dhillon and Tropp [9] had already enlightened such an equivalence in the field of matrix analysis. They actually considered the estimation of contingency tables with fixed marginals as a matrix nearness problem based on the Kullback-Leibler divergence, and showed that Dykstra's algorithm specializes to the Sinkhorn-Knopp algorithm in this context. However, no relationship to OT problems was highlighted.
Contributions and organization
Our main contribution is to formulate a unified framework for regularized optimal transport (ROT) by considering a large class of smooth convex regularizers. We call the underlying distance the rot mover's distance (RMD) and show that a given ROT problem actually amounts to the minimization of an associated Bregman divergence. This allows the derivation of two schemes that we call the alternate scaling algorithm (ASA) and the non-negative alternate scaling algorithm (NASA), to compute efficiently the regularized optimal plans depending on whether the domain of the regularizer lies within the non-negative orthant or not. These schemes are based on the general form of Dykstra's algorithm for Bregman divergences, and exploit the NewtonRaphson method to approximate the projections for separable divergences. The separable case is further enhanced with a sparse extension to deal with high data dimensions. We also instantiate our two generic schemes with widely-used regularizers and statistical divergences.
The proposed framework naturally extends the Sinkhorn-Knopp algorithm for the regularization based on the Boltzmann-Shannon entropy [6] , or equivalently the minimization of a KullbackLeibler divergence [4] , and their sparse version [14] , which turn out to be special instances of ROT problems. It also relates to matrix nearness problems via minimization of Bregman divergences, to construct more general estimators for contingency tables with fixed marginals than the classical estimator based on the Kullback-Leibler divergence [9] . Lastly, it bridges the gap between transportation theory [33] and information geometry [2] , where Bregman divergences are known to possess a dually flat structure with a generalized Pythagorean theorem in relation to information projections.
The remainder of this paper is organized as follows. In Section 2, we introduce some necessary preliminaries. In Section 3, we present our theoretical results for a unified framework of ROT problems. We then derive the algorithmic methods for solving ROT problems in Section 4. We also discuss the inherent specificities of ROT problems for classical regularizers and associated divergences in Section 5. In Section 6, we provide experiments to illustrate our methods on synthetic data as well as the audio database DCASE 2016. Finally, in Section 7, we draw some conclusions including perspectives for future work.
Theoretical preliminaries
In this section, we introduce the required preliminaries to our framework. We begin with elements of convex analysis (Section 2.1) and of Bregman geometry (Section 2.2). We proceed with theoretical results for convergence of Dykstra's algorithm (Section 2.3) and of the Newton-Raphson method (Section 2.4).
Convex analysis
Let E be a Euclidean space with inner product ·, · and induced norm · . The boundary, interior and relative interior of a subset X ⊆ E are denoted by bd(X ), int(X ), and ri(X ), respectively. A convex set is a subset C ⊆ E such that:
for all x, y ∈ C and λ ∈ (0, 1). The relative interior of a convex set C ⊆ E can be characterized as follows: ri(C) = {x ∈ C : ∀y ∈ C, ∃λ > 1, λx
In convex analysis, scalar functions are defined over the whole space E and take values in the extended real number line R ∪ {−∞, +∞}. The effective domain, or simply domain, of a function f is then defined as the set:
A function f is convex if dom f is convex and f verifies:
for all x, y ∈ dom f and λ ∈ (0, 1). If the inequality is strict for any x = y, then f is said to be strictly convex. A convex function f is always continuous in the relative interior ri(dom f ) of its domain.
A convex function f is proper if f (x) < +∞ for at least one x ∈ E and f (x) > −∞ for all x ∈ E, that is, if its domain is non-empty and it never attains −∞. A convex function f is closed if its lower level set {x ∈ E : f (x) ≤ α}, also known as sublevel set or trench, is closed for all α ∈ R. In particular, if dom f is closed, then f is closed, and a proper convex function is closed if and only if it is lower semi-continuous. Moreover, a closed function f is continuous relative to any simplex, polytope or polyhedral subset in dom f .
A function f is essentially smooth if it is differentiable on int(dom f ) = ∅ and verifies:
for any sequence (x k ) k∈N from int(dom f ) that converges to a point x ∈ bd(dom f ). A function f is of Legendre type if it is a closed proper convex function that is also essentially smooth and strictly convex on int(dom f ). The Fenchel conjugate f of a function f is defined for all y ∈ E as follows:
where the supremum can actually be restricted to int(dom f ) instead of E without changing the definition. The Fenchel conjugate f is always a closed convex function. Moreover, if f is a closed convex function, then (f ) = f , and f is of Legendre type if and only if f is of Legendre type. In this latter case, the gradient mapping ∇f is a homeomorphism between int(dom f ) and int(dom f ), with inverse mapping (∇f ) −1 = ∇f , which guarantees the existence of dual coordinate systems x(y) = ∇f (y) and y(x) = ∇f (x) on int(dom f ) and int(dom f ).
Finally, we say that a function f is cofinite if it verifies:
for all nonzero x ∈ E. Intuitively, it means that f grows super-linearly in every direction. In particular, a closed proper convex function is cofinite if and only if dom f = E.
Bregman geometry
Let φ be a convex function on E that is differentiable on int(dom φ) = ∅. The Bregman divergence generated by φ is defined as follows:
for all x ∈ dom φ and y ∈ int(dom φ). We have B φ (x y) ≥ 0 for any x ∈ dom φ and y ∈ int(dom φ). If in addition φ is strictly convex on int(dom φ), then B φ (x y) = 0 if and only if x = y. Bregman divergences are also always convex in the first argument, and are invariant under adding an arbitrary affine term to their generator. Bregman divergences are not symmetric and do not verify the triangle inequality in general, and thus are not necessarily distances in the strict sense. However, they still enjoy some nice geometrical properties that somehow generalize the Euclidean geometry. In particular, they verify a four-point identity similar to a parallelogram law:
for all x, x ∈ dom φ and y, y ∈ int(dom φ). A special instance of this relation gives rise to a three-point property similar to a triangle law of cosines:
for all x ∈ dom φ and y, y ∈ int(dom φ). Suppose now that φ is of Legendre type, and let C ⊆ E be a closed convex set such that C ∩ int(dom φ) = ∅. Then, for any point y ∈ int(dom φ), the following minimization problem:
has a unique solution, then called the Bregman projection of y onto C. This solution actually belongs to C ∩ int(dom φ), and is also characterized as the unique point y ∈ C ∩ int(dom φ) that verifies the variational relation:
for all x ∈ C∩dom φ. This characterization is equivalent to a well-known generalized Pythagorean theorem for Bregman divergences, which states that the Bregman projection of y onto C is the unique point y ∈ C ∩ int(dom φ) that verifies the following inequality:
for all x ∈ C ∩ dom φ. When C is further an affine subspace, or more generally when the Bregman projection further belongs to ri(C), the scalar product actually vanishes:
leading to an equality in the generalized Pythagorean theorem:
A famous example of Bregman divergence is the Kullback-Leibler divergence, defined for matrices π ∈ R d×d + and ξ ∈ R d×d ++ as follows:
This divergence is generated by a function of Legendre type for π ∈ R d×d + given by minus the Boltzmann-Shannon entropy:
with the convention 0 log(0) = 0. Another well-known example is the Itakura-Saito divergence, defined for matrices π, ξ ∈ R d×d ++ as follows:
This divergence is generated by a function of Legendre type for π ∈ R d×d ++ given by minus the Burg entropy:
On the one hand, these examples belong to a particular type of so-called separable Bregman divergences between matrices on R d×d , that can be seen as the aggregation of element-wise Bregman divergences between scalars on R:
Often, all element-wise generators φ ij are chosen equal, and are thus simply written as φ with a slight abuse of notation. Other examples of such divergences are discussed in Section 5, and include the logistic loss function generated by minus the Fermi-Dirac entropy, or the squared Euclidean distance generated by the Euclidean norm. On the other hand, a classical example of non-separable Bregman divergence is half the squared Mahalanobis distance, defined for matrices π, ξ ∈ R d×d as follows:
for a positive-definite matrix P ∈ R d 2 ×d
2 . This divergence is generated by a function of Legendre type for π ∈ R d×d given by a quadratic form:
This example is also discussed in Section 5.
Dykstra's algorithm
Let φ be a function of Legendre type with Fenchel conjugate φ = ψ. In general, computing Bregman projections onto an arbitrary closed convex set C ⊆ E such that C ∩ int(dom φ) = ∅ is nontrivial. Sometimes, it is possible to decompose C into the intersection of finitely many closed convex sets:
where the individual Bregman projections onto the respective sets C 1 , . . . , C s are easier to compute. It is then possible to obtain the Bregman projection onto C by alternate Bregman projections onto C 1 , . . . , C s according to Dykstra's algorithm. In more detail, let σ : N → {1, . . . , s} be a control mapping that determines the sequence of subsets onto which we project. For a given point x 0 ∈ C ∩ int(dom φ), the Bregman projection P C (x 0 ) of x 0 onto C can be approximated by iterating the following updates:
where the correction terms y 1 , . . . , y s for the respective subsets are initialized with the null element of E, and are updated after projection as follows:
Under some technical conditions, the sequence of updates (x k ) k∈N then converges in norm to P C (x 0 ) with a linear rate. Several sets of such conditions have been studied, notably by Tseng [32] , Bauschke and Lewis [3] , Dhillon and Tropp [9] . We here use the conditions proposed by Dhillon and Tropp [9] , which reveal to be the less restrictive ones in our framework. Specifically, the convergence of Dykstra's algorithm is guaranteed as soon as the function φ is cofinite, the constraint qualification ri(C 1 )∩· · ·∩ri(C s )∩int(dom φ) = ∅ holds, and the control mapping σ is essentially cyclic, that is, there exists a number t ∈ N such that σ takes each output value at least once during any t consecutive input values. If a given C l is a polyhedral set, then the relative interior can be dropped from the constraint qualification. Hence, when all subsets C l are polyhedral, the constraint qualification simply reduces to C ∩int(dom φ) = ∅, which is already enforced for the definition of Bregman projections. Finally, if all subsets C l are further affine, then we can relax other assumptions. Notably, we do not require φ to be cofinite, or equivalently dom ψ = E, but only dom ψ to be open. The control mapping need not be essentially cyclic anymore, as long as it takes each output value an infinite number of times. More importantly, we can completely drop the correction terms from the updates, leading basically to:
Newton-Raphson method
Let f be a continuously differentiable scalar function on an open interval I ⊆ R. Assume f is increasing on a non-empty closed interval [x − , x + ] ⊂ I, and write
. Such a solution can be approximated by iterative updates according to the Newton-Raphson method:
where the fraction takes infinite values when f (x) = 0 and f (x) = y, and a null value by convention when f (x) = 0 and f (x) = y. It is well-known that the Newton-Raphson method converges to a solution x as soon as x is initialized sufficiently close to x . Convergence is then quadratic provided that f (x ) = 0. However, this local convergence has little importance in practice because it is hard to quantify the required proximity to the solution. 
In particular, a sufficient condition is that the underlying function f is an increasing convex or increasing concave function on [x − , x + ], or can be decomposed as the sum of such functions. In addition, if f satisfies the necessary and sufficient condition and is strictly increasing with
, then initializing with a boundary point x − = x or x + = x ensures that the entire sequence of updates is interior to (x − , x + ), so that we can actually drop the min and max truncation operators in the updates:
Mathematical formulation
In this section, we develop a unified framework to define ROT problems. We start by drawing some technical assumptions for our framework to hold (Section 3.1). We then formulate primal ROT problems and study their properties (Section 3.2). We finally formulate dual ROT problems and discuss their properties in relation to primal ones (Section 3.3).
Technical assumptions
Some mild technical assumptions are required on the convex regularizer φ and its Fenchel conjugate ψ = φ * for the proposed framework to hold. Some assumptions relate to conditions for definition of Bregman projections and convergence of Dykstra's algorithm, while others are more specific to ROT problems. In our framework, we also need to distinguish between two situations where the underlying closed convex set can be described as the intersection of either affine subspaces or polyhedral subsets. The two sets of assumptions (A) and (B) can be summarized as follows:
(A1) φ is of Legendre type.
(B1) φ is of Legendre type.
For the first assumptions (A1) and (B1), we recall that a closed proper convex function is of Legendre type if and only if it is essentially smooth and strictly convex on the interior of its domain (Section 2.1). This is required for the definition of Bregman projections (Section 2.2). In addition, it guarantees the existence of dual coordinate systems on int(dom φ) and int(dom ψ) via the homeomorphism ∇φ = ∇ψ −1 :
With a slight abuse of notation, we omit the reparameterization to simply denote corresponding primal and dual parameters by π and θ. The second assumptions (A2) and (B2) imply that ri(Π(p, q)) ⊂ dom φ and ensure the constraint qualification Π(p, q) ∩ int(dom φ) = ∅ for Bregman projection onto the transport polytope, independently of the input distributions p, q as long as they do not have null or unit entries. We assume hereafter that this implicitly holds, and discuss in the practical considerations (Section 4.6) how our methods actually generalize to deal explicitly with null or unit entries in the input distributions.
The third assumptions (A3) and (B3) separate between two cases depending on whether dom φ lies within the non-negative orthant or not for Dykstra's algorithm (Section 2.3). In the former case, non-negativity is already ensured by the domain of the regularizer, so that the underlying closed convex set is made of two affine subspaces for the row and column sum constraints. The fourth assumption (A4) thus requires that dom ψ be open for convergence of Dykstra's algorithm. In the latter case, there is one additional polyhedral subset for the nonnegative constraints. The fourth assumption (B4) hence further requires that dom ψ = R d×d , or equivalently that φ be cofinite, for convergence of Dykstra's algorithm. In both cases, we remark that we necessarily have dom ψ = dom ∇ψ.
The fifth assumption (A5) ensures that −γ/λ belongs to dom ∇ψ for definition of ROT problems, independently of the non-negative cost matrix γ and positive regularization term λ. Notice that this is already guaranteed by the fourth assumption in the second case. We also show in the sparse extension (Section 4.5) how to deal with infinite entries in the cost matrix γ for separable regularizers, so as to enforce null entries in the regularized optimal plan.
On the one hand, some common regularizers under assumptions (A) are the BoltzmannShannon entropy associated to the Kullback-Leibler divergence, the Burg entropy associated to the Itakura-Saito divergence, and the Fermi-Dirac entropy associated to the logistic loss function. To solve the underlying ROT problems, we employ our method called ASA, where Dykstra's algorithm is exploited for alternate Bregman projections onto the two affine subspaces for the row and column sum constraints (Section 4.3). On the other hand, examples under assumptions (B) include the Euclidean norm associated to the Euclidean distance, and the quadratic form associated to the Mahalanobis distance. For these ROT problems, we use our second method called NASA, where a further projection onto the polyhedral non-negative orthant is needed in Dykstra's algorithm (Section 4.4).
Primal problem
Cuturi [6] introduces Sinkhorn distances by a primal problem involving an entropic regularization as additional constraint:
with the regularized transport polytope defined as follows:
where α ≥ 0 is a regularization term and E is minus the Boltzmann-Shannon entropy as defined in (21) . It is also easy to show that:
where K is the Kullback-Leibler divergence defined in (20) . This enforces the solution to have sufficient entropy, or equivalently small enough mutual information, by constraining it to the Kullback-Leibler ball of radius α and center the joint distribution pq ∈ R d×d ++ which has maximum entropy. We extend this construction using the notion of Bregman information, of which minus the Boltzmann-Shannon entropy is a particular instance, and of Bregman divergences that generalize the Kullback-Leibler divergence.
We start our primal formulation with the following lemmas and definition for the RMD.
Lemma 1.
The regularizer φ attains its global minimum uniquely at ξ = ∇ψ(0).
Proof. Using the assumptions (A4) and (A5), respectively (B4), we have that 0 ∈ dom ψ = int(dom ψ). Thus, there exists a unique ξ ∈ int(dom φ) such that ∇φ(ξ ) = 0, or equivalently ξ = ∇ψ(0), via the homeomorphism ∇φ = ∇ψ −1 ensured by assumption (A1), respectively (B1). Hence, φ attains its global minimum uniquely at ξ by strict convexity on int(dom φ).
Lemma 2.
The restriction of the regularizer φ to the transport polytope Π(p, q) attains its global minimum uniquely at the Bregman projection π of ξ onto Π(p, q).
Proof. Using the assumption (A2), respectively (B2), we have that Π(p, q) ∩ int(dom φ) = ∅. Since ξ ∈ int(dom φ) and Π(p, q) is a closed convex set, the Bregman projection π of ξ onto Π(p, q) according to the function φ of Legendre type is well-defined. Moreover, it is characterized by the variational relation (16) as follows:
for all π ∈ Π(p, q) ∩ dom φ. We also have B φ (π π ) > 0 when π = π by strict convexity of φ on int(dom φ). As a result, we have:
Combining the two inequalities, we obtain φ(π) > φ(π ) and the restriction of φ to Π(p, q) attains its global minimum uniquely at π .
Lemma 3.
The restriction of the cost ·, γ to the regularized transport polytope:
where α ≥ 0, attains its global minimum.
Proof. The regularized transport polytope is the intersection of the compact set Π(p, q) with a lower level set of φ which is also closed since φ is closed. Hence, Π α,φ (p, q) is compact and the restriction of ·, γ to Π α,φ (p, q) attains its global minimum by continuity on a compact set.
Definition 1. The primal rot mover's distance is the quantity defined as:
A minimizer π α is then called a primal rot mover's plan. Remark 1. For the sake of notation, we omit the dependence on p, q, γ, φ in the index of primal rot mover's plans π α .
The regularization enforces the associated minimizers to have small enough Bregman information φ(π α ) ≤ φ(π ) + α compared to the minimal one φ(π ). Under some additional conditions, we also have a geometrical interpretation where the solutions are constrained to a Bregman ball whose center π has minimal Bregman information.
Proposition 4.
If π ∈ ri(Π(p, q)), then the regularized transport polytope is the intersection of the transport polytope with the Bregman ball of radius α and center π :
Proof. Since π ∈ ri(Π(p, q)), we have the following orthogonality condition:
for all π ∈ Π(p, q), according to (18) . Therefore, we have:
The regularized transport polytope as defined in (42) is then the intersection of the transport polytope Π(p, q) with the Bregman ball of radius α and center π .
Remark 2. The proposition also holds trivially when the global minimum is attained on the transport polytope, that is, when ξ = π .
Corollary 5. Under assumptions (A), the regularized transport polytope is the intersection of the transport polytope with the Bregman ball of radius α and center π :
Proof. This is a result of π ∈ Π(p, q)∩int
++ . Then, for a given π ∈ Π(p, q), let us pose π λ = λπ + (1 − λ)π for λ > 1. We easily have π λ 1 = p and π λ 1 = q. Moreover, since all entries of π are positive and that of π are non-negative, we can always choose a given λ sufficiently close to 1 such that π λ ∈ R d×d + . We then have π λ ∈ Π(p, q) so that π ∈ ri(Π(p, q)) as characterized by (6), and thus Π(p, q) ∩ int(dom φ) ⊆ ri(Π(p, q)).
Remark 3. Under assumptions (B), the Bregman projection π does not necessarily lie within ri(Π(p, q)). Hence, the geometrical interpretation in terms of a Bregman ball might break down, although the solutions are still constrained to have a small enough Bregman information above that of π .
Although Sinkhorn distances verify the triangular inequality when γ is a distance matrix, thanks to specific chain rules and information inequalities for the Bolzmann-Shannon entropy and Kullback-Leibler divergence, it is not necessarily the case for the RMD with other regularizations, even for separable regularizers. Hence, the RMD does not provide a true distance metric on Σ d in general even if γ is a distance matrix. Nonetheless, the RMD is symmetric as soon as φ is invariant by transposition, which holds for separable regularizers φ ij = φ, and γ is symmetric. We now study some properties of the RMD that hold for general regularizers.
Property 1. The primal rot mover's distance d γ,α,φ (p, q) is a decreasing convex and continuous function of α.
Proof. The fact that it is decreasing is a direct consequence of the regularized transport polytope Π α,φ (p, q) growing with α. The convexity can be proved as follows. Let α 0 , α 1 ≥ 0, and 0 < λ < 1. We pose α λ = (1 − λ)α 0 + λα 1 ≥ 0. We also choose arbitrary rot mover's plans π α0 , π α1 , π α λ . We finally pose π λ = (1 − λ)π α0 + λπ α1 . By convexity of φ, we have:
Hence, π λ ∈ Π α λ ,φ (p, q), and by construction we have π α λ , γ ≤ π λ , γ , or equivalently:
The continuity for α > 0 is a direct consequence of convexity for α > 0, since a convex function is always continuous on the relative interior of its domain. Lastly, the continuity at α = 0 can be seen as follows. Let (α k ) k∈N be a sequence of positive numbers that converges to 0. We choose arbitrary rot mover's plans (π α k ) k∈N . By compactness of Π(p, q), we can extract a subsequence of rot mover's plans that converges in norm to a point π ∈ Π(p, q). For the sake of simplicity, we do not relabel this subsequence. By construction, we have
Since the global minimum of φ on Π(p, q) is attained uniquely at π , we must have π = π , and the original sequence also converges in norm to π . By continuity of the total cost ·, γ on R d×d , π α k , γ converges to π , γ . Hence, the limit of the RMD when α tends to 0 from above is π , γ , which equals the RMD for α = 0 as shown in the next property.
Property 2. When α = 0, the primal rot mover's distance reduces to:
and the unique primal rot mover's plan is the transport plan with minimal Bregman information:
Proof. Since π is the unique global minimizer of φ on Π(p, q), the regularized transport polytope reduces to the singleton
The property follows immediately.
Property 3.
When α tends to +∞, the primal rot mover's distance converges to the earth mover's distance:
Proof. Let π ∈ Π(p, q) be an earth mover's plan so that d γ (p, q) = π , γ . By continuity of the total cost ·, γ on R d×d , we have that for all > 0, there exists an open neighborhood of π such that π, γ ≤ π , γ + for any transport plan π within this neighborhood. We can always choose a transport plan such that π ∈ ri(Π(p, q)). 
Proof. The extra condition guarantees that Π(p, q) ⊂ dom φ, and thus that φ is bounded on the closed set Π(p, q). The property is then a direct consequence of Π α,φ (p, q) = Π(p, q) for α large enough. 
Proof. First, we recall that the set of earth mover's plans π is either a single vertex or a whole facet of Π(p, q). Hence, it forms a closed convex subset in Π(p, q), and there is a unique earth mover's plan π 0 with minimal Bregman information by strict convexity of φ on this subset. Second, it is trivial that all primal rot mover's plan π α must be earth mover's plans. If there is a single vertex as earth mover's plan, then the property follows immediately. Otherwise, we can see the property geometrically as follows. The whole facet of earth mover's plans is orthogonal to γ. Nevertheless, by strict convexity of φ on [0, 1) d×d , the facet must be tangent to Π α ,φ (p, q) at the unique earth mover's plan π 0 with minimal Bregman information φ(π 0 ) = φ(π ) + α , and π 0 is also the rot mover's plan π α . Another way to prove the property more formally is as follows. Suppose that a primal rot mover's plan π is not the earth mover's plan with minimal Bregman information. We thus have φ(π 0 ) < φ(π ) ≤ φ(π ) + α . We can then choose a smaller α such that φ(π 0 ) ≤ φ(π ) + α and the RMD still equals the EMD for this smaller value, and actually all values in between by monotonicity. This leads to a contradiction and π 0 must be the earth mover's plan with minimal Bregman information. . This holds for almost all typical regularizers, notably for all regularizers considered in this paper except from minus the Burg entropy as defined in (23) and associated to the Itakura-Saito divergence in (22) . For this latter regularizer, the solutions for an increasing α all lie within ri(Π(p, q)), and the RMD never reaches the EMD. In such cases where the minimal α does not exist, we can use the convention α = +∞ since the RMD always converges to the EMD in the limit when α tends to +∞. We can then prove that there is a unique rot mover's plan π α as long as 0 < α < α , which can be seen informally as follows. The solutions geometrically lie at the intersection of Π α,φ (p, q) and of a supporting hyperplane with normal γ. By strict convexity of φ on ri(Π(p, q)), this intersection is a singleton inside the polytope. When the intersection reaches a facet, the only facet that can coincide locally with the hyperplane is the one that contains the earth mover's plans. Hence, we also have a singleton on the boundary of the polytope before reaching an earth mover's plan. We formally prove this uniqueness result next by exploiting duality.
Dual problem
Cuturi [6] also considers Sinkhorn distances in a dual problem by using a Lagrange multiplier to relax the entropic regularization as a penalty:
with the regularized optimal plan π λ defined as follows:
where λ > 0 is a regularization term and E is minus the Boltzmann-Shannon entropy as defined in (21) . Benamou et al. [4] show that the dual formulation is equivalent to minimizing an information divergence:
where ξ = exp(−γ/λ) ∈ R d×d ++ and K is the Kullback-Leibler divergence defined in (20) . Precisely, this amounts to computing the Kullback-Leibler projection of ξ onto the transport polytope Π(p, q). We generalize this to a regularizer φ with Fenchel conjugate ψ and associated Bregman divergence B φ , by using a similar Lagrange multiplier to relax the regularization as a penalty.
We recall start our dual formulation with the following two lemmas and definition for the RMD. Proof. The regularized cost is convex with same domain as φ, and is strictly convex on int(dom φ). Thus, it attains its global minimum at a unique point ξ ∈ int(dom φ) if and only if γ + λ∇φ(ξ) = 0, or equivalently ∇φ(ξ) = −γ/λ. By assumptions (A4) and (A5), respectively (B4), −γ/λ ∈ dom ∇ψ, so that the global minimum is attained uniquely at ξ = ∇ψ(−γ/λ) in virtue of the homeomorphism in (35) and (36).
Lemma 7. The restriction of the regularized cost ·, γ + λφ(·) to the transport polytope Π(p, q) attains its global minimum uniquely.
Proof. We notice that the regularized cost is equal to a Bregman divergence up to a positive factor and additive constant:
Hence, its minimization over the closed convex set Π(p, q) is equivalent to the Bregman projection of ξ ∈ int(dom φ) onto Π(p, q) according to the function φ of Legendre type. Since Π(p, q) ∩ int(dom φ) = ∅, this projection exists and is unique.
Definition 2. The dual rot mover's distance is the quantity defined as:
where the dual rot mover's plan π λ is given by:
Remark 5. For the sake of notation, we omit the dependence on p, q, γ, φ in the index of dual rot mover's plans π λ .
We proceed with the following proposition that enlightens the relation between the RMD and associated Bregman divergence.
Proposition 8. The dual rot mover's plan is the Bregman projection of ξ onto the transport polytope:
π λ = argmin
Proof. This is a consequence of the proof for Lemma 7. Indeed, from the definition in (62), we see that the rot mover's plan also minimizes (60). Therefore, it is the unique Bregman projection of ξ onto the transport polytope.
In the sequel, we also extend naturally the definition of the dual RMD for λ = 0 as the EMD. We then do not necessarily have uniqueness of dual rot mover's plans for λ = 0, and the geometrical interpretation in terms of a Bregman projection does not hold anymore for λ = 0. However, we have the following theorem based on duality theory that shows the equivalence between primal and dual ROT problems.
Theorem 9.
For all α > 0, there exists λ ≥ 0 such that the primal and dual rot mover's distances are equal:
Moreover, if α < α , then a corresponding value is such that λ > 0, and the primal and dual rot mover's plans are unique and equal:
Proof. The primal problem can be seen as the minimization p of the cost π, γ on Π(p, q)
and its minimization over D for a fixed λ ≥ 0 has the same solutions π as the dual problem. In addition, Slater's condition for convex problems, stating that there is a strictly feasible point in the relative interior of the domain, is verified as long as α > 0. Indeed, we have ri(D) = ri(Π(p, q)). The existence of a strictly feasible point φ(π) < φ(π ) + α then holds by continuity of φ at π ∈ int(dom φ). As a result, we have strong duality with a zero duality gap p = d , where d is the maximization of g(λ) subject to λ ≥ 0. Moreover, if d is finite, then it is attained at least once at a point λ . This is the case since we already know that p is finite. Since p is also attained at least once at a point π solution of the primal problem, we have the following chain:
Therefore, all inequalities are in fact equalities, π also minimizes the Lagrangian over D and thus is a solution of the dual problem. In other words, the primal and dual RMD for α and λ are equal, and the primal solutions must be dual solutions too. For α < α , the RMD has not reached the EMD yet, and thus we must have λ > 0. Hence, the dual solution is unique, so that the primal solution is unique too and equal to the dual one.
Remark 6. Corresponding values of α and λ depend on p, q, γ, φ. In addition, there might be multiple values of λ that correspond to a given α.
Again, the RMD does not verify the triangular inequality in general, and hence does not provide a true distance metric on Σ d even if γ is a distance matrix. Nevertheless, we still have the result that the RMD is symmetric as soon as φ is invariant by transposition, which holds for separable regularizers φ ij = φ, and γ is symmetric. We also obtain properties for the dual RMD that are similar to the ones for the primal RMD. Proof. The fact that it is increasing can be seen as follows. Let 0 ≤ λ 1 < λ 2 . By construction, we have the following inequalities:
Subtracting these two inequalities, we obtain that φ(π λ1 ) ≥ φ(π λ2 ). Reinserting this result in the first inequality, we finally get π λ1 , γ ≤ π λ2 , γ . The continuity of the dual RMD results from that of the primal RMD. Let λ ≥ 0, and choose an arbitrary dual rot mover's plan π λ and earth mover's plan π . On the one hand, we have π , γ ≤ π λ , γ . On the other hand, we have
Suppose we have a discontinuity of the dual RMD at λ. Then by monotonicity, there is a value π , γ < d < π , γ that is not in the image of the dual RMD. But d is in the image of the primal RMD for a given α > 0 by continuity. It means that λ > 0 such that π λ , C = d, whereas, by continuity of the primal problem (see Property 1), we know that there exist α > 0 such that π α , C ≥ d. This is in contradiction with the duality result in Theorem 9, which implies that the image of the primal RMD for α > 0 must be included in that of the dual RMD for λ ≥ 0.
Property 7.
When λ tends to +∞, the dual rot mover's distance converges to:
and the dual rot mover's plan converges in norm to the transport plan with minimal Bregman information:
Proof. Let (λ k ) k∈N be a sequence of positive numbers that tends to +∞, and (π λ k ) k∈N the associated rot mover's plans. By compactness of Π(p, q), we can extract a subsequence of rot mover's plans that converges in norm to a point π ∈ Π(p, q). For the sake of simplicity, we do not relabel this subsequence. By construction, we have
The scalar products are bounded, so dividing the inequalities by λ k and taking the limit, we obtain that φ(π λ k ) converges to φ(π ). By lower semi-continuity of φ, we thus have
Since the global minimum of φ on Π(p, q) is attained uniquely at π , we must have π = π , and the original sequence also converges in norm to π . Hence, the dual rot mover's plan π λ converges in norm to π when λ tends to +∞. By continuity of the total cost ·, γ on R d×d , π λ k , γ converges to π , γ . Hence, the limit of the RMD when λ tends to +∞ is π , γ .
Property 8.
When λ tends to 0, the dual rot mover's distance converges to the earth mover's distance:
Proof. This is a direct consequence of the dual RMD being continuous at λ = 0. 
Proof. Let (λ k ) k∈N be a sequence of positive numbers that converges to 0, and (π λ k ) k∈N the associated rot mover's plans. By compactness of Π(p, q), we can extract a subsequence of rot mover's plans that converges in norm to a point π ∈ Π(p, q). For the sake of simplicity, we do not relabel this subsequence. By construction, we have
The regularizer φ is continuous on the polytope Π(p, q) ⊆ dom φ, so taking the limit, we obtain that π λ k , γ converges to π 0 , γ . Therefore, π must be an earth mover's plan. Now dividing by λ k and taking the limit, we obtain that φ(π ) ≤ φ(π 0 ). Since π 0 is the unique earth mover's plan with minimal Bregman information, we must have π = π 0 .
Algorithmic derivations
In this section, we introduce algorithmic methods to solve ROT problems. We focus without lack of generality on the dual problem, which can be solved efficiently via Dykstra's algorithm based on alternate Bregman projections. For the sake of notation, we omit the penalty value λ in the index and simply write π for the rot mover's plan. The primal problem can then easily be solved for 0 < α < α by a bisection search on λ > 0. For α = 0, we could simply use Dysktra's algorithm to project ∇ψ(0) instead of ∇ψ(−γ/λ) in virtue of Lemmas 1 and 2, which actually corresponds to the special case γ = 0 in our algorithms, though this is not really relevant in practice since this completely removes the linear influence of the total cost from the ROT problem. In the limit α ≥ α , a classical OT solver such as the network simplex can directly be used. We first study the underlying Bregman projections in their generic form (Section 4.1) and specifically develop the case of separable divergences (Section 4.2). We then derive the two generic schemes of ASA (Section 4.3) and NASA (Section 4.4) to solve dual ROT problems, depending on whether the domain of the smooth convex regularizer lies within the non-negative orthant or not. We also enhance both algorithms in the separable case with a sparse extension (Section 4.5), and finally discuss some practical considerations of our methods (Section 4.6).
Generic projections
The closed convex transport polytope Π(p, q) is the intersection of the non-negative orthant:
which is a polyhedral subset, with two affine subspaces:
Dykstra's algorithm for the Bregman projection π onto Π(p, q) can then be formulated as alternate Bregman projections onto C 0 , C 1 , C 2 , where we expect that these latter projections are easier to compute.
On the one hand, the Karush-Kuhn-Tucker conditions for Bregman projection π 0 of a given matrix π ∈ int(dom φ) onto C 0 are necessary and sufficient, and write as follows:
While these conditions are nontrivial to solve in general, we shall see that they admit an elegant solver specific to the non-separable squared Mahalanobis distances defined in (26) and generated by the quadratic form in (27) . In addition, they also greatly simplify for separable divergences, which encompass all other divergences used in this paper.
On the other hand, the Lagrangians with Lagrange multipliers µ, ν ∈ R d for the Bregman projections π 1 and π 2 of a given matrix π ∈ int(dom φ) onto C 1 and C 2 respectively write as follows:
Their gradients are given on int(dom φ) by:
and vanish at π 1 , π 2 ∈ int(dom φ) if and only if:
By duality, the Bregman projections onto C 1 , C 2 are thus equivalent to finding the unique vectors µ, ν, such that the rows of π 1 sum up to p, respectively the columns of π 2 sum up to q:
Similarly, solving for the Lagrange multipliers is an expensive problem in general, since the search space is of dimension d and we evaluate matrix functions of size d × d. This is because a given entry µ i , ν j can actually modify any entry of the d × d matrix functions being evaluated. Again, we shall see that they can nevertheless be computed efficiently for separable divergences as well as the non-separable Mahalanobis distances.
Separable case
Assuming that the regularizer φ is separable, the underlying Bregman projections can be computed more efficiently. To keep notations simple, we focus on separable divergences with same element-wise regularizer, and thus chiefly omit the indices φ ij = φ. We emphasize, however, that it is straightforward to apply all our methods for separable divergences with different elementwise regularizers, which notably enables weighting a given element-wise regularizer.
In case of separability, the Karush-Kuhn-Tucker conditions for projection onto C 0 simplify to provide a closed-form solution on primal parameters:
Since φ is increasing, this is equivalent on dual parameters to:
Now turning to projections onto C 1 , C 2 for primal parameters π 1,ij , π 2,ij , we can divide the initial problems into d parallel subproblems in search space of dimension 1 each. This is much more efficient to solve than in the non-separable case. This can be summarized as looking for d separate Lagrange multipliers µ i , respectively ν j , such that:
Finding the optimal values µ i , ν j ∈ R through ψ and the sums over rows or columns, however, is still nontrivial in general. An analytical solution can be obtained in specific cases. Intuitively, we need to factor µ i , ν j out of ψ as additive or multiplicative terms. This is related to Pexider's functional equations, which hold only for functions with a linear form ψ (θ) = aθ + b, or exponential form ψ (θ) = a exp(bθ), with a, b ∈ R. This leads to regularizers with a quadratic form φ(π) = aπ 2 + bπ + c, or entropic form φ(π) = aπ log π +bπ +c, with a, b, c ∈ R. The constants a, b actually only scale and translate the cost matrix, whereas the constant c has no effect. The quadratic case holds under assumptions (B), and thus requires the general version of Dykstra's algorithm with correction terms to ensure non-negativity by projection onto the polyhedral non-negative orthant. The entropic case holds under assumptions (A), with no correction terms in Dykstra's algorithm since the non-negativity is already ensured by the domain of the regularizer. The latter case reduces to the regularization of Cuturi [6] and Benamou et al. [4] , so that we actually end up with the Sinkhorn-Knopp algorithm. Hence, the Euclidean norm associated to the squared Euclidean distance, and the entropic case associated to the Kullback-Leibler divergence, are reasonably the only two existing analytical schemes to find the sum constraint projections. For other ROT problems, available solvers for line search can be employed instead.
For simplicity, we assume hereafter that ψ is twice continuously differentiable with ψ positive and ψ verifying the necessary and sufficient condition (33) on its whole domain. Therefore, we can use the Newton-Raphson method with guarantees of global convergence. This encompasses most of the common regularizers, and notably all regularizers used in this paper except from the Fermi-Dirac entropy, p norms and Hellinger distance. When the condition (33) for global convergence is not met on the whole domain, it is still possible to apply the Newton-Raphson method after careful initialization, so as to restrict to a smaller interval where the condition holds. This is discussed in more detail with practical examples for the Fermi-Dirac entropy, p norms and Hellinger distance in the next section, where the first-order derivatives are increasing convex on half of the domain and increasing concave on the other half. When the second-order derivatives do not exist, are not continuous or vanish at some points, a similar strategy can be applied. This is again discussed for the p norms in the next section, where the secondorder derivative is undefined or vanishes at 0 depending on the value of the parameter. If such an initialization is not possible, then a bisection search can always be applied instead of the Newton-Raphson method.
To apply the Newton-Raphson method, we exploit the following functions:
defined respectively on the open intervals (θ i − θ, +∞) and (θ j − θ, +∞), where 0 < θ ≤ +∞ is such that dom ψ = (−∞, θ), andθ i = max{θ ij } 1≤j≤d ,θ j = max{θ ij } 1≤i≤d . Their continuous derivatives are given by:
and are positive, so that f, g are strictly increasing on their whole domain, and thus on any closed interval with endpoints consisting of a feasible point and a solution. By construction, f, g also verify the necessary and sufficient condition (33) for global convergence, and we know that there are unique solutions to f (µ i ) = −p i and g(ν j ) = −q j . Hence, the Newton-Raphson updates:
converge to the optimal solutions with a quadratic rate for any feasible starting points. By construction, we also know that initialization can be done with µ i ← 0, ν j ← 0. To avoid storing the intermediate Lagrange multipliers, the updates can then directly be written on dual parameters:
after initialization by θ 1,ij ← θ ij , θ 2,ij ← θ ij .
Alternate scaling algorithm
Under assumptions (A), we can drop the non-negative constraint since it is already ensured by dom φ ⊆ R d×d + . Dykstra's algorithm for Bregman divergences in its basic form then states that the projection of ξ onto Π(p, q) can be obtained by alternate projections onto the affine subspaces C 1 and C 2 with linear convergence. Clearly, the underlying control mapping takes each output value an infinite number of times. Since we have just two sets, the only possible alternative in the control mapping is to swap the order of projections starting from C 2 instead of C 1 , which actually amounts to swapping the input distributions p, q and transposing the cost matrix γ, to obtain the transposed of the rot mover's plan. We thus focus on the first choice without lack of generality.
Starting from ξ and writing the successive vectors µ (k) , ν (k) along iterations, we have the following sequence:
→ . . .
In other terms, we obtain the rot mover's plan π by scaling iteratively the rows and columns of the successive estimates through ∇ψ. An efficient algorithm, called ASA, is to store a unique d × d matrix in dual parameter space and update it by alternating the projections in primal parameter space (Alg. 1). The updates have a complexity in O(d 2 ) once the vectors µ, ν are obtained.
Algorithm 1
Regularized optimal transport with the alternate scaling algorithm.
θ ← −γ/λ repeat θ ← θ − µ1 , where µ uniquely solves ∇ψ(θ − µ1 )1 = p θ ← θ − 1ν , where ν uniquely solves ∇ψ(θ − 1ν ) 1 = q until convergence π ← ∇ψ(θ )
In the separable case, the projections can be obtained by iterating the respective NewtonRaphson update steps, which can be written compactly with matrix and vector operations (Alg. 2). The complexity for the updates are now clearly in O(d 2 ). In more detail, each update step features one vector row or column replication, one vector element-wise division, one vector subtraction, one matrix subtraction, two matrix row or column sums, and two element-wise matrix function evaluations. Because of separability, we can expect the required number of iterations for convergence in the different loops to be independent of the data dimension, and thus expect a quadratic empirical complexity as well.
Non-negative alternate scaling algorithm
Under assumptions (B), we must now include the non-negative constraint since dom φ R d×d + . We suggest to ensure non-negativity of each update, and thus follow a cycle of projections onto C 0 , C 1 , C 0 , C 2 . The underlying control mapping is a fortiori essentially cyclic. For practical reasons, we also ensure non-negativity of the output solution with a final projection onto C 0 . Again, swapping the order of projections onto C 1 , C 2 is equivalent to swapping the input distributions p, q and transposing the cost matrix γ to obtain the transposed of the rot mover's plan. Other control mappings could also be exploited, for example by ensuring non-negativity every two or more sum constraint projections. We do not discuss such variants here and focus on the abovementioned sequence. The non-negative orthant being polyhedral but not affine, we also need to Algorithm 2 Regularized optimal transport with the alternate scaling algorithm in the separable case.
incorporate correction terms ϑ, , ς for all three projections. In more detail, the projections are computed after correction so that we do not directly project the obtained updates θ but the corrected updates θ = θ + ϑ, θ = θ + , and θ = θ + ς for the respective subsets. The correction terms are also updated as the difference θ − θ between the projected point and its projection. Dykstra's algorithm for Bregman divergences then guarantees that the projection of ξ onto Π(p, q) is obtained with linear convergence.
A general algorithm, called NASA, is to store d × d matrices for projected points, projections and correction terms in dual parameter space, update them accordingly and finally go back to primal parameter space (Alg.
3). The updates have a complexity in O(d
2 ) once the KarushKuhn-Tucker conditions are solved or Lagrange multipliers µ, ν are obtained.
Algorithm 3
Regularized optimal transport with the non-negative alternate scaling algorithm.
In the separable case, the non-negativity constraint can be obtained analytically and the sequence of updates greatly simplifies. Starting from ξ and writing the successive vectors µ (k) , ν (k) along iterations, we have:
An efficient algorithm then exploits the differences
to scale the rows and columns (Alg. 4). We store d × d matrices as well as difference vectors instead of correction matrices. The algorithm can then be interpreted as producing interleaved updates between the projections according to the max operator and according to the respective scalings. The updates in NASA now clearly have a complexity in O(d 2 ) when using the NewtonRaphson method for scaling, with similar matrix and vector operations to ASA in the separable case, and an expected empirical complexity that is quadratic.
Algorithm 4
Regularized optimal transport with the non-negative alternate scaling algorithm in the separable case.
Sparse extension
In the separable case, it is possible to develop a sparse extension of both our methods ASA and NASA. Storing and updating full d × d matrices becomes expensive with the data dimension.
Instead, we allow for infinite entries in the cost matrix γ, meaning that the transport of mass between certain bins is proscribed. As a result, the corresponding entries of π must be null. Eventually, we can drop all these entries so that we just need to store and update the remaining ones. The RMD via the Frobenius inner product π , γ is then computed without accounting for discarded entries, or equivalently by setting indefinite element-wise products 0 × ∞ = 0 by convention, so it naturally costs nothing to move no mass on a path that is forbidden. This leads to an expected complexity in O(r), where r is the number of finite entries in γ. Typically, r can be chosen in the order of magnitude of d, so as to obtain a linear instead of quadratic empirical complexity.
In practice, both ASA and NASA are compatible with this strategy. We always have lim θ→−∞ ψ (θ) = 0 under assumptions (A) for ASA. Under assumptions (B) for NASA, this limit might be finite or infinite but is necessarily negative, so also leads to 0 after enforcing non-negativity by projection onto the non-negative orthant. As a result, the obtained sequence of projections preserves the desired zeros in both algorithms, and an infinite element-wise cost does lead to no mass transport at all between the corresponding bins. In theory, we can understand this extension in light of the dual formulation seen as a Bregman projection in (8) . Under assumptions (B), we always have 0 ∈ int(dom φ) and thus B φ (0 0) = 0. Under assumptions (A), however, we have 0 / ∈ int(dom φ), and even sometimes 0 / ∈ dom φ as for the Itakura-Saito divergence. We can nonetheless extend the domain of the element-wise divergence at the origin by continuity on the diagonal, that is, by setting it null as B φ (0 0) = 0. This is akin to considering absolutely continuous measures, also known as dominated measures, and Radon-Nikodym derivatives to generalize the definition of Bregman divergences. Kurras [14] then showed that Dykstra's algorithm still holds with this convention by introducing a notion of locally affine spaces for the sum constraint projections.
With such a sparse extension, however, we must take care that a sparse solution does exist, meaning that there is a transport plan in the transport polytope that has the desired zeros. For example, if all entries of γ are infinite, then there are obviously no possible sparse solutions since we enforce all entries of the plan to be null. A necessary condition for existence of a sparse solution is that for all 1 ≤ i, j ≤ d, we have:
Intuitively, it means that for a given entry q j , all entries p k from which we are allowed to transport mass must provide enough total mass to fill q j completely. Similarly, for a given entry p i , all entries q k to which we are allowed to transport mass must require enough total mass to empty p i completely. However, finding a sufficient condition is nontrivial, and Kurras [14] advocates trying first to compute a solution with the desired sparsity, and if no solution can be found, then gradually reduce sparsity until a solution is found. This might still speed up computation drastically because of the linear instead of quadratic complexity. Lastly, we remark that it is not evident to propose a sparse extension for the non-separable case in general, since a given entry of γ might influence all entries of π .
Practical considerations
As noticed by Cuturi [6] and Benamou et al. [4] , the Sinkhorn-Knopp algorithm might fail to converge because of numerical instability when the penalty λ gets small. In particular, unless taking spcial care of numerical stabilization [26] , a direct limitation is the machine precision under which some entries of exp(−γ/λ) are represented as zeros in memory. Such issues occur similarly for other regularizations, notably via the representation ∇ψ(−γ/λ) of the unconstrained solution to project. Therefore, the proposed methods are actually competitive in a range where the penalty λ is not too small, and for which the rot mover's plan π exhibits a significant amount of smoothing. Hence, we do not target the same problems as traditional schemes such as interior point methods or the network simplex. In addition, the different projections in Dykstra's algorithm are most of the time approximate up to a given tolerance depending on the termination criterion used for convergence. Exceptions occur for the sum constraints with the Euclidean distance or Kullback-Leibler divergence, as well as the non-negativity constraints in the separable case, which are obtained analytically. A natural question to raise is then whether Dykstra's algorithm still converges when the projections are approximate only. However, this is relatively hard to answer in theory. We did not observe in practice any problem of convergence when using sufficiently good approximations. Furthermore, first approximations can be quite rough without affecting convergence as long as final approximations are good enough. Sometimes, even alternating a single or two steps of the Newton-Raphson method throughout the main iterations of Dykstra's algorithm still works, though this is not systematic. Thus, we advocate for safety to use a tight tolerance for the auxiliary projections.
We also observed numerical instability of the Newton-Raphson updates for separable divergences under assumptions (A). This is due to the denominator being based on ψ with limit lim θ→−∞ ψ (θ) = 0, that is, for entries π close to zero. It is possible, however, to make the updates of µ i , ν j much more stable in practice by using the max truncation operator, despite theoretical guarantees of convergence without it. Specifically, we know that the entries π 1,ij must lie between 0 and p i , and π 2,ij between 0 and q j . Hence, we can lower bound µ i and ν j bŷ θ i − φ (p i ) andθ j − φ (q j ), respectively. Interestingly, this also speeds up the convergence of the updates significantly when the initialization by 0 is far from the actual solution.
We also suggest as a termination criterion to compute the marginal difference between π and p, q. More precisely, in the auxiliary iterations for the two scaling projections, we compare the sums of rows or columns to p or q respectively, and in the main iterations for Dykstra's algorithm, we compare both marginals simultaneously. Typically, we use the p (quasi-)norm with 0 < p ≤ +∞ to assess the marginal difference, and the auxiliary tolerance should be at least the main one for sufficient precision of the approximations. Under assumptions (A), two alternative quantities can also be used for termination, either the absolute variation with p (quasi-)norm in the plan π whose coefficients range between 0 and 1, or the relative variation in the distance π , γ whose range depends on the actual values of the cost matrix. It is logical to use the same termination criterion for the main and auxiliary iterations, but here the auxiliary tolerance should be at least the square of the main one. This seems reasonable for π given the quadratic rate of convergence for the Newton-Raphson method versus the linear one for Dykstra's algorithm, as well as for π , γ under the Cauchy-Schwarz inequality. These two quantities, however, are not relevant under assumptions (B) because the updates are interleaved, and the marginal difference should thus be used. In all cases, convergence can be checked either after each iteration or after a given number of iterations to reduce the underlying cost of computing the termination criterion. We can also fix a maximum number of main and auxiliary iterations to limit the overall running time.
Regarding implementation, the matrix and vector operations used for ASA and NASA in the separable case are well-suited for fast calculation on a GPU and for processing of multiple input distributions in parallel. By working directly in the primal parameter space, the SinkhornKnopp algorithm is also readily suited for dealing with sparse plans, based on existing libraries.
In more general ROT problems, however, a specific library should be written for the sparse extension because null entries in the transport plan are not represented by null entries in the dual parameter space, so that tailored data structures and operations for such matrices need to be coded. Therefore, we only implemented and will focus in our experiments on the non-sparse version of our methods.
Finally, although we implicitly assumed throughout that the entries of p and q are strictly comprised between 0 and 1 for theoretical issues, it is often possible in practice to deal explicitly with null or unit entries in the input distributions. Intuitively, no mass can be moved from or to a null entry, so the transport plans have null rows and columns for the corresponding null entries of p and q, respectively. In the separable case, we can thus simply remove these entries, solve the reduced ROT problem, and reinsert the corresponding null entries in the rot mover's plan π . The same reasoning as for the sparse extension can be made to show that our two algorithms still hold with this strategy from a theoretical standpoint. In the non-separable case, however, this is not as straightforward again because the influences of the different entries of π are interleaved through the regularizer φ. Nonetheless, as long as we have [0, 1) d×d ⊂ int(dom φ) under assumptions (B), then we have Π(p, q) ⊂ int(dom φ) and we can apply NASA without modification. This is notably the case for the Mahalanobis distances whose domain is R d×d . For a non-separable regularizer under assumptions (A), it is not easy to account for null entries because the constraint qualification Π(p, q) ∩ int(dom φ) = ∅ never holds due to mandatory null entries in the transport plans. Nevertheless, common regularizers under assumptions (A), including the ones used in this paper, are separable in general. Lastly, it is direct to cope with unit entries in p or q in all cases, since the transport polytope then reduces to a singleton, so that there is a unique transport plan pq which is the rot mover's plan.
Classical regularizers and divergences
In this section, we discuss the specificities of the ASA (Alg. 1) and NASA (Alg. 3) methods to solve ROT problems for classical regularizers and associated divergences. We start with several separable regularizers under assumptions (A), based on the Boltzmann-Shannon (Section 5.1), Burg (Section 5.2) and Fermi-Dirac (Section 5.3) entropies, as well as the parametric families of β-divergences (Section 5.4). We then discuss the separable p quasi-norms (Section 5.5), which require a slight adaptation of assumptions (A). We also consider separable regularizers under assumptions (B) related to p norms (Section 5.6) as well as the Euclidean (Section 5.7) and Hellinger distances (Section 5.8). Finally, we study a non-separable regularizer under assumptions (B) in relation to Mahalanobis distances (Section 5.9). All regularizers and their corresponding divergences are summed up in Table 1 . We also provide in Table 2 the related terms based on derivatives that are needed to instantiate the separable versions of ASA (Alg. 2) or NASA (Alg. 4) accordingly.
Boltzmann-Shannon entropy and Kullback-Leibler divergence
Assumptions (A) hold for minus the Boltzmann-Shannon entropy π log π −π +1 associated to the Kullback-Leibler divergence. Hence, the ROT problem can be solved with the ASA scheme. In addition, the updates in Dykstra's algorithm can be written analytically, leading to the SinkhornKnopp algorithm. Specifically, the two projections amount to normalizing in turn the rows and columns of π so that they sum up to p and q respectively:
Fermi-Dirac entropy Logistic loss function
Hellinger distance Table 1 : Convex regularizers and associated Bregman divergences.
This can be optimized by remarking that the iterates π (k) after each couple of projections verify:
where ξ = exp(−γ/λ), and vectors u (k) , v (k) satisfy the following recursion:
with convention v (0) = 1. This allows a fast implementation by performing only matrix-vector multiplications using a fixed matrix ξ = exp(−γ/λ). We can further save one element-wise vector multiplication per update:
Hellinger distance where the matrices diag 
Burg entropy and Itakura-Saito divergence
Assumptions (A) also hold for minus the Burg entropy π−log π−1 associated to the Itakura-Saito divergence, so the ROT problem can be solved with the ASA scheme. Eventually, the NewtonRaphson steps to update the alternate projections in Dykstra's algorithm can be written as follows:
Each step can be optimized by computing first an element-wise matrix inverse (1 − θ ) −1 for the numerator, and then performing an element-wise matrix multiplication of this matrix by itself to obtain a matrix for the denominator instead of applying an additional element-wise matrix power. Since ψ is convex and strictly increasing with ψ positive everywhere, the convergence of the updates is guaranteed.
Fermi-Dirac entropy and logistic loss function
Assumptions (A) again hold for minus the Fermi-Dirac entropy π log π + (1 − π) log(1 − π), also known as bit entropy, associated to a logistic loss function. The ROT problem can thus be solved with the ASA scheme, and the Newton-Raphson steps to update the alternate projections in Dykstra's algorithm can be written as follows:
Each step can be optimized by storing first the element-wise matrix exponential exp θ , then applying an element-wise matrix division by the temporary matrix 1 + exp θ to obtain a matrix for the numerator, and lastly performing an element-wise matrix division of these two matrices to obtain a matrix for the denominator and thus save an additional element-wise matrix power as well as several element-wise matrix exponentials. However, even if ψ is strictly increasing with ψ positive everywhere, ψ is neither convex nor concave and does not verify the necessary and sufficient condition (33) for global convergence of the Newton-Raphson method.
Nevertheless, ψ is convex on R − and concave on R + . It thus divides for a given 1
1≤k≤d from column j of θ, sorted in increasing order. On each of these intervals, the necessary and sufficient condition (33) is verified since we can decompose f (µ i ), respectively g(ν j ), as the sum of an increasing convex and an increasing concave function. Hence, we have global convergence on the interval that contains the solution. It is further possible to restrict the search to the two last intervals only. Indeed, we have
As a result, it suffices to initialize µ i
= max {θ ij } 1≤i≤d , to guarantee convergence of the updates.
β-potentials and β-divergences
Assumptions (A) hold for the β-potentials (π β −βπ +β −1)/(β(β −1)) with 0 < β < 1, associated to the so-called β-divergences. Hence, the ROT problem can be solved with the ASA scheme, and the Newton-Raphson steps to update the alternate projections in Dykstra's algorithm can be written as follows:
Each step can be optimized by computing first the temporary matrix (β − 1)θ + 1, then applying an element-wise matrix power of 1/(β − 1) − 1 to this temporary matrix to obtain a matrix for the denominator, and lastly performing an element-wise matrix multiplication of these two matrices to obtain a matrix for the numerator and thus save one element-wise matrix power. Since ψ is convex and strictly increasing with ψ positive, the convergence of the updates is guaranteed.
Interestingly, the regularizer tends to minus the Burg and Boltzmann-Shannon entropies in the limit β = 0 and β = 1, respectively. Therefore, the β-divergences interpolate between the Itakura-Saito and Kullback-Leibler divergences. We finally remark that the regularizer can also be defined for other values of the parameter β using the same formula, but do not verify assumptions (A) for these values.
p quasi-norms
Considering regularizers −π p with 0 < p < 1, all assumptions (A) are verified except from (A5) since R d×d − ⊂ dom ψ = R d×d −− . Hence, our primal formulation does not hold here because 0 / ∈ dom ∇ψ. However, it is straightforward to check that our dual formulation for ROT problems with the ASA scheme can still be applied as long as the cost matrix γ does not have null entries so that −γ/λ ∈ dom ∇ψ. Eventually, the Newton-Raphson steps to update the alternate projections in Dykstra's algorithm can be written as follows:
Each step can be optimized by computing first the temporary matrix −θ , then applying an element-wise matrix power of 1/(p − 1) − 1 to obtain a matrix for the denominator, and lastly performing an element-wise matrix multiplication of these two matrices to obtain a matrix for the numerator and thus save one element-wise matrix power. Since ψ is convex and strictly increasing with ψ positive everywhere, the convergence of the updates is guaranteed.
p norms
Assumptions (B) hold for the p norms |π| p with 1 < p < +∞, so the ROT problem can be solved with the NASA scheme. For p = 2, the Newton-Raphson steps to update the alternate projections in Dykstra's algorithm can be written as follows:
Denoting θ = θ − τ 1 or θ = θ − 1σ in the respective updates, each step can be optimized by computing first the temporary matrix |θ|, then applying an element-wise matrix power of 1/(p − 1) − 1 to obtain a matrix for the denominator, and lastly performing an elementwise matrix multiplication of these two matrices and of sgn θ to obtain a matrix for the numerator and thus save one element-wise matrix power as well as several vector replications and matrix subtractions. However, even if ψ is strictly increasing with ψ > 0 on R * , ψ is neither convex nor concave and does not verify the necessary and sufficient condition (33) for global convergence of the Newton-Raphson method. Moreover, ψ vanishes at 0 for p < 2, and ψ is not differentiable at 0 for p > 2.
Nevertheless, ψ is concave on R − and convex on R + for p < 2, as well as convex on R − and concave on R + for p > 2. It thus divides for a given 1 ≤ i ≤ d, respectively 1 ≤ j ≤ d, the real line into at most d + 1 intervals −∞ <θ (33) is verified on the interior of each of these intervals since we can decompose f (µ i ), respectively g(ν j ), as the sum of an increasing convex and an increasing concave function. Hence, we have global convergence on the interior of the interval that contains the solution. In both cases, we must remove the finite endpoints to ensure differentiability of ψ and positivity of ψ . It is also further possible to prune the last interval from the search. Indeed, we have
Lastly, we can restrict the first interval with a finite lower bound instead. Indeed, we have
As a result, we can perform at most d binary searches in parallel to determine within which of the remaining bounded intervals the solutions µ i , respectively ν j , lie. Initialization is then done with the midpoint to guarantee convergence of the updates. A given search thus requires a worst-case logarithmic number of tests, each of which requires a linear number of operations, for a total
if no such binary search were needed. Now for p = 2, the regularizer specializes to the Euclidean norm, leading to the squared Euclidean distance as the associated divergence. In addition, the formula for ψ still holds with the convention 0 0 = 1, and ψ is actually constant equal to 1/2. Eventually, the projections can be written in closed form, and we can resort to the analytical algorithm derived in the next example specifically for the Euclidean distance, after doubling the penalty λ to account for the regularizer being halved.
Euclidean norm and Euclidean distance
Assumptions (B) hold for half the Euclidean norm π 2 /2 associated to half the squared Euclidean distance. Therefore, the ROT problem can be solved with the NASA scheme, where Dykstra's algorithm can actually be written in closed form. Specifically, the non-negative projection reduces to:
and is interleaved with the scaling projections which amount to offsetting the rows and columns of π by an amount such that the rows and columns of π sum up to p and q respectively:
As a remark, we notice that half the squared Euclidean distance can be seen as a β-divergence using the provided formula for β = 2. However, the β-divergence generated is not of Legendre type because the domain is restricted to R + , whereas it could actually be extended to R so that the regularizer would then be of Legendre type. This is why we fall under assumptions (B) rather than assumptions (A) in this case.
Hellinger distance
Assumptions (B) hold for the regularizer −(1 − π 2 ) 1 2 akin to a Hellinger distance. Hence, the ROT problem can be solved with the NASA scheme, and the Newton-Raphson steps to update the alternate projections in Dykstra's algorithm can be written as follows:
Denoting θ = θ − τ 1 or θ = θ − 1σ in the respective updates, each step can be optimized by computing first the temporary matrix 1/(1 + θ 2 ), then applying an element-wise matrix square root to this temporary matrix, performing an element-wise matrix multiplication of these two matrices to obtain a matrix for the denominator, and lastly an element-wise matrix multiplication of the temporary matrix with θ to obtain a matrix for the numerator and thus save one element-wise matrix power as well as several vector replications and matrix subtractions. However, even if ψ is strictly increasing with ψ positive everywhere, ψ is neither convex nor concave and does not verify the necessary and sufficient condition (33) for global convergence of the Newton-Raphson method.
1≤k≤d from column j of θ, sorted in increasing order. On each of these intervals, the necessary and sufficient condition (33) is verified since we can decompose f (µ i ), respectively g(ν j ), as the sum of an increasing convex and an increasing concave function. Hence, we have global convergence on the interval that contains the solution. It is further possible to prune the last interval from the search. Indeed, we have
As a result, we can perform d binary searches in parallel to determine within which of the remaining intervals the solutions µ i , respectively ν j , lie. Initialization is then done with the midpoint to guarantee convergence of the updates. A given search requires a worst-case logarithmic number of tests, each of which requires a linear number of operations, for a total complexity in O(
if no such binary search were needed. 
Quadratic forms and Mahalanobis distances
Assumptions (B) hold for the quadratic forms (1/2) vec(π) P vec(π) with positive-definite ma-
2 , associated to the Mahalanobis distances, so the ROT problem can be solved with the NASA scheme. For a diagonal matrix P, the regularizer is separable and the NewtonRaphson steps to update the alternate projections in Dykstra's algorithm are similar to that for the Euclidean distance with appropriate weights. For a non-diagonal matrix P, however, the regularizer is not separable anymore and we must resort to the generic NASA scheme. In this general case, the scaling projections amount to convex quadratic programs with linear equality constraints. They can be solved using classical techniques such as the range-space and null-space approaches, Krylov subspace methods or active set strategies. The non-negative projection reduces to a convex quadratic program with a linear inequality constraint. It can be solved elegantly with an iterative algorithm for non-negative quadratic programming proposed by Sha et al. [27] using multiplicative updates with a complexity in O(d 4 ). All in all, we recommend using a sparse matrix P with a block-diagonal structure and an order of magnitude of d 2 non-null entries, so as to obtain a quadratic instead of quartic empirical complexity.
Experimental results
In this section, we present the results of our methods on a synthetic experiment. Specifically, we design an illustrative test to showcase the behavior of different regularizers on the output solutions (Section 6.1).
Synthetic data
We start by visualizing the effects of different regularizers φ and varying penalties λ on synthetic data. For the input distributions, we discretize and normalize continuous densities on a uniform grid (x i ) 1≤i≤d of [0, 1] with dimension d = 256. We use for p a univariate normal with mean 0.5 and variance 0.2, and for q a mixture of two normals with equal weights, respective means 0.25 and 0.75, and same variance 0.1. We set the cost matrix γ as the squared Euclidean distance
2 on the grid. The input distributions (bottom left and top right), cost matrix (top left) and unique earth mover's plan (bottom right) computed for classical OT using the solver of [24] with standard settings, are shown in Figure 1 .
We test all separable regularizers φ introduced in Section 5. Because these regularizers have different ranges in the sensible values of the rot mover's plans π , we manually tune the penalties λ so that they feature similar amounts of regularization. For ease of comparison, we set λ = λ λ , with λ constant for each φ, and λ varying similarly for all φ. The limit case when λ tends to infinity is simply obtained by setting γ/λ = 0 in the algorithms, except from p quasi-norms for which we use λ = 10 10 . The null values of γ are also fixed to 10 −12 for p quasi-norms. We do not limit the number of iterations in the different algorithms, and use a small tolerance of 10
for convergence with the ∞ norm on the marginal difference checked after each iteration as a termination criterion.
The rot mover's plans obtained for ROT with the different regularizers and penalties are visualized in Figure 2 . We first observe that all rot mover's plans converge to the earth mover's plan for low values of the penalty as shown theoretically in Property 9. Nevertheless, the rot mover's plans exhibit different shapes depending on the regularizers for intermediary and large values of the penalty. In the limit when the penalty grows to infinity, we obtain the transport plan with minimal Bregman information as shown theoretically in Property 7. In particular, this leads to pq with an ellipsoidal shape for BSKL (Boltzmann-Shannon entropy and Kullback-Leibler divergence), meaning that the mass is relatively spread among neighbor bins. The same pattern is observed for FDLOG (Fermi-Dirac entropy and logistic loss function), which can be explained in this synthetic example by the rot mover's plans having low values and the two regularizers being equivalent in the neighborhood of zero. The profile gets more rectangular for BIS (Burg entropy and Itakura-Saito divergence), implying that the mass is even more spread across the different bins. Using an intermediary value β = 0.5 in BETA (β-potentials and β-divergences) allows the interpolation between these two limits of a rectangle for β = 1 and an ellipsoid for β = 0, so that the parameter β actually helps to control the spread of mass in the regularization. We observe similar results for LPQN ( p quasi-norms) with an ellipsoid for p = 0.9, a rectangle for p = 0.1, and a shape in between for p = 0.5, which is due to the equivalence between p quasi-norms and β-potentials up to an affine term that does not change the ROT solutions. When the power parameter further increases in LPN ( p norms), we obtain new shapes that feature less spread of mass. These shapes for p = 1.1 and p = 1.5 now interpolate up to a lozenge for p = 2 in EUC (Euclidean norm and Euclidean distance), so that the parameter p also provides control on the spread of mass. A similar diamond profile is obtained for HELL (Hellinger distance), which is due again to the rot mover's plans having low values and the two regularizers being equivalent in the neighborhood of zero. Lastly, we remark that varying the penalty between the two extremes allows a smooth interpolation of the earth mover's plan and optimal plan with minimal Bregman information, while keeping similar shapes and effects in terms of spreading of mass.
Audio classification
We now assess our methods in the context of audio classification, and specifically address the task of acoustic scene classification where the goal is to assign a test recording to one of predefined classes that characterizes the environment in which it was captured. We consider the framework of the DCASE 2016 IEEE AASP challenge with the TUT Acoustic Scenes 2016 database [16] . The dataset consists of audio recordings at 44.1 kHz sampling rate and 24-bit resolution. The metadata contains ground-truth annotations on the type of acoustic scene for all files, with a total of 15 classes: home, office, library, café/restaurant, grocery store, city center, residential area, park, forest path, beach, car, train, bus, tram, metro station. The audio material is cut into 30-second segments, and is split into two subsets of 75%-25% containing respectively 78-26 segments per class for development and evaluation, resulting in a total of 1170-390 files for training and testing. A 4-fold cross-validation setup is given with the training set. The classification accuracy, that is, the number of correctly classified segments among the total number of segments, is used as a score to evaluate systems.
A baseline system is also provided with the database for comparison. This system is based on Mel-frequency cepstral coefficient (MFCC) timbral features with Gaussian mixture model (GMM) classification. One GMM with diagonal covariance matrix is learned per class by expectation-maximization (EM), after concatenating and normalizing in mean and variance the extracted MFCCs from the training segments in that class. A test file is assigned to the class whose trained GMM leads to maximum likelihood for the extracted MFCCs for that file, where the MFCCs are considered as independent samples and normalized with the learned mean and variance for the respective classes. The baseline system is ran with its default parameters: 40 ms frame size, 20 ms hop size, 60-dimensional MFCCs comprising 20 static (including energy) plus 20 delta and 20 acceleration coefficients extracted with standard settings in RASTAMAT, 16 GMM components learned with standard settings in VOICEBOX. Our proposed system is implemented in the very same pipeline for a fair comparison, and differs from the baseline in the following way. One GMM is learned by EM for each training segment instead of class. Any normalization on the MFCCs per class is thus removed. Since less components are typically required to model one segment compared to one class, the spurious GMM components are further discarded as post-processing by keeping only those with weight and variances all greater than 10 −2 . Instead of applying a GMM classifier, all individual models are exploited to train a support vector machine (SVM) classifier. An exponential kernel for the SVM is designed by introducing a distance between two mixtures P, Q based on the RMD as follows:
κ(P, Q) = exp(−d γ,λ,φ (ω, υ)/τ ) ,
where the exponential decay rate τ > 0 is a kernel parameter, and ω, υ ∈ Σ d are the respective weights of the d = 16 (or less) components for the two GMMs P, Q. The cost matrix γ ∈ R d×d + depends on P, Q and is the square root of a symmetrized Kullback-Leibler divergence, called the Jeffrey divergence, between the pairwise Gaussian components:
where µ i and σ 2 i , respectively ν j and ς 2 j , are the means and variances of the l = 60 MFCC features for component i in the first mixture P , respectively component j in the second mixture Q. The SVM classifier is implemented with standard settings in LIBSVM, and requires an additional soft-margin parameter C > 0 to be tuned. All separable regularizers φ from Section 5 with different penalties λ > 0 are tested for the RMD in comparison to the EMD. The two distances between p, q and q, p with cost matrix γ transposed are computed and averaged, so as to remove any asymmetry due to practical issues. The number of iterations is limited to 100 for the main loop of Dykstra's algorithm and to 10 for the auxiliary loops of the NewtonRaphson method, and the tolerance is set to 10 −6 in all loops for convergence with the ∞ norm on the marginal difference checked after each iteration as a termination criterion. The parameters τ, C ∈ 10 {−1,+0,+1,+2} and penalty λ ∈ Λ, where Λ is a manually chosen set of four successive powers of ten depending on the range of the regularizer φ, are tuned automatically by cross-validation.
The obtained results on this experiment in terms of accuracy per system are reported in Table 3 . The optimal penalties λ ∈ Λ selected by cross-validation for each regularizer φ are also included, while the optimal parameters τ, C are not displayed since they actually all equal 10 +1 independently of the kernel used. We first notice that the proposed system SVM (support vector machine classifier) consistently outperforms the baseline system GMM (Gaussian mixture model classifier). This proves the benefits of incorporating individual information per sound via an SVM rather than exploiting global information per class with a GMM. This further demonstrates the relevance of OT and more general ROT problems for the design of kernels between GMMs in the SVM pipeline. We also notice that RMD (rot mover's distance kernel) is at least competitive with EMD (earth mover's distance kernel) for all proposed regularizers, except from EUC which 82.8% Table 3 : Results of the experiment on audio classification.
does not perform as well. This might be a consequence of the regularization profile for EUC, or equivalently LPN with p = 2, which does not spread enough mass across similar bins, implying a lack of robustness to slight variations in the means and variances of the GMM components. Reducing the power parameter in LPN brings back to a competitive system with EMD for p = 1.1, and even a better trade-off with improved accuracy for p = 1.5. We obtain similar results for LPQN with p = 0.9 and p = 0.5, with now the best compromise for the lowest power value p = 0.1 which clearly outperforms EMD. As a remark, the accuracy for LPN and LPQN is not unimodal with respect to p which controls the spread of mass in the regularization. We suspect this is because the performance is a function of both the spread of mass and the amount of regularization, whose coupling allows for similar compromises in terms of results within different regimes of use. Concerning BETA now, we observe that the existing Sinkhorn-Knopp algorithm BSKL for β = 1 does not improve the accuracy compared to EMD. Increasing the spread of mass with β = 0 in BIS is even worse. The best performance is obtained with a range in between for β = 0.5, which slightly improves results over EMD. Intriguingly, we point out a disparity of results for LPQN and BETA with similar values of p and β. We believe this is due to practical issues in terms of stability and speed of convergence, since both regularizers are theoretically equivalent up to an affine term. Using LOG here slightly degrades the performance compared to EMD and BSKL. Interestingly, the overall best accuracy on this application is obtained for HELL which beats all other systems, including EUC, by a safe margin. In contrast to the experiment on synthetic data with dimension 256 presented in Section 6.1, where both BSKL and LOG, respectively EUC and HELL, behave similarly due to equivalence for low values in the transport plans, the range of the transport plans here is much higher since the dimension of the input distributions is at most 16 (typically less than 10). This raises the importance of choosing a good regularizer depending on the actual task and its inherent design criteria such as the data dimension.
Conclusion
In this paper, we formulated a unified framework for smooth convex regularization of discrete OT problems. We also derived some algorithmic methods to solve such ROT problems, and detailed their specificities for classical regularizers and associated divergences from the literature.
We finally designed a synthetic experiment to illustrate our proposed methods, and proved the relevance of ROT problems and the RMD on a real-world application to audio scene classification. The obtained results are encouraging for further development of the present work, and we now discuss some interesting perspectives that were left out for future investigation. Firstly, we want to assess more thoroughly the effect of an additional affine term to the regularizer in our methods. A recent work developed independently of ours makes use of Tsallis entropies to regularize OT problems with ad hoc solvers [17] . Such regularizers could be integrated readily to our more general framework based on Dykstra's algorithm, since Tsallis entropies are equivalent to β-potentials and p (quasi)-norms up to an affine term. Another improvement in this vein is to replace the Newton-Raphson method with a scheme that is invariant under the underlying affine transforms. A possibility is to use the natural gradient or similar techniques for manifold optimization on the intrinsic geometry of the problem structure.
In another direction, we would like to extend some theoretical results that hold for the Boltzmann-Shannon entropy and associated Kullback-Leibler divergence. Specifically, it is known in this context that the rot mover's plan converges in norm to the earth mover's plan with an exponential rate as the penalty decreases [5] . It is not straightforward, however, to generalize this to other regularizers and divergences. In addition, it would be worth elucidating some technical restrictions under which metric properties such as the triangular inequality can be proved on top of the inherent properties of Sinkhorn distances.
We also plan to study other pattern recognition tasks in text, image and audio signal processing. Intuitive possibilities include retrieval and classification for various kinds of data modeled via histograms of features or GMMs. Among potential approaches, this can be addressed by exploiting the RMD either directly in a nearest-neighbor search, or in the design of kernels for an SVM as done here for acoustic scenes. For such tasks, it would be relevant to provide insight into the choice of a good regularizer for the actual problem, or develop methods for automatic tuning of regularization parameters, and for learning the cost matrix from the data as possible to do with the EMD [7] . Even if we mostly focused on separable regularizers, it would be relevant to further use the quadratic forms associated to Mahalanobis distances in certain applications, and maybe propose a parametric learning scheme for the quadratic regularizer from the data.
Lastly, a more prospective idea is to formulate variational problems based on the RMD, as already proposed with Sinkhorn distances for dictionary learning [23] , barycenter and gradient flow computation [8] . We also believe that variational ROT problems could be formulated for statistical inference, notably parameter estimation in finite mixture models by minimizing loss functions based on the RMD. This would leverage new potential applications of our ROT framework for more general machine learning problems. Such developments are yet involved and require some theoretical effort before reaching enough maturity to address practical setups.
